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In this paper, we introduce and discuss an algorithm for the
numerical solution of two-dimensional two-sided fractional diffusion
equation. The algorithm for the numerical solution of this equation is
based on explicit finite difference approximation. Consistency,
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conditional stability, and convergence of the fractional order
numerical method are described. Finally, numerical example is
provided to show that the numerical method for solving  this
equation is an effective solution method.

© 2013 Sjournals. All rights reserved.

1. Introduction

Fractional calculus is becoming a useful and, in some cases, key tool in the analysis of scientific problems in
abroad array of fields such as physics, engineering, biology, and economics. In particular, fractional partial
differential equations have turned out to be especially relevant. For example, fractional diffusion equations have
been successfully used to describe diffusion processes where the diffusion is anomalous (Miller and Ross, 1993;
Meerschaert and Tadjeran, 2004, 2006, 2007; Podlubny, 1999; Roop, 2005; Lin and Liu, 2004; Meerschaert et al.,
2006; Liu, 2009; Joaquin and Santos, 2011), and fractional diffusion.

Difference methods and, in particular, explicit difference methods, are an important class of numerical
methods for solving fractional and normal differential equations. The usefulness of the explicit methods and there
as on why they are widely employed is based on their particularly attractive features (Yuste and Acedo, 2005;
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Morton and Mayers, 1994): flexibility, simplicity, scanty computational demand, and the possibility of easy
generalization to spatial dimensions higher than1.

The method discussed in this paper is an explicit finite difference method designed for solving the two-
dimensional two-sided fractional diffusion where the fractional derivative is in the shifted Grunwald estimate
form. The conditional stability and convergence of the explicit finite difference approximation are analyzed and
finally, we will present example to show the efficiency of our numerical method.

2. Explicit difference method for solving the two-dimensional two-sided fractional diffusion equation

In this section, we use the explicit finite difference method for solving the two-dimensional two-sided
fractional diffusion equation of the form:

au(x, y,t) o“u(x,y,t) , o“u(x,y,t) o’u(x, y,t)
0P —ax, )| (L-d +d +h(x,y) Q-e)—2 Ly
p (x,y)| @-d) 5 X" 5 X (x,y) 1-¢) X%

o"u(x, y,t)
ei&yﬂ +q(x,y,t)

(1)
In this problem initial and boundary conditions are considered which are:
u(x,y,0)= ¢ (x,y), forx0 <x<xRandy0 <y <yR
u(x0,y,t) =0, for y0o<y<yRand 0O<t<T
u(x,y0,t) =0, for x0O<x<xRand 0<t<T
u (xR,y, t) = w1l (y,t), for y0<y<yRand 0<t<T
u (x%yR,t) = w2 (x,t), for x0O<x<xRand 0<t<T

d,el—dl—e<[0/]]

where a, b ,and 4 are known functions of x andy, and the weights .ylis

a known function of y and t, y2 is a known function of x and t. & andﬂ are given fractional number. a is a
knwon function of x, y and t.

a a B B
The left—-handed 0 u/afx , 0 u/a*y and the right-handed
derivatives by the shifted Grunwald estimate formulae are [ 2, 7]:

o”u/o. x*  d”u/a.,y”

fractional

orulxyt) 1 & ;
= U g i ¢ +O(AX
6+Xa (AX)a ;ga,k i-k+1, ], f ( )

oPu(x, y,t 1 it .
a( y;/ ) = (Ay)” ;gﬁ,kui,j—kﬂ,f +0(Ay)

()

o“u(x, y,1) 1 gy S
= u - +0O(AX
aixa (AX)a éga,k i+k-1,j, f ( )

oPu(x, y,t 1 Mo .
5( yg ) = (Ay)” kz_;,gﬁ,kui,jJrk—l,f +0(Ay)
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The finite difference method starts by dividing the x-interval [x0, xR] into n subintervals to get the grid points
AX=(X; =X, )/n
xi = X0 + iAx, where ( R 0)/ andi=0,1,..,n. and we divide the y-interval [y0, yR] into m subintervals to

get the grid points yj = yO+jAy, where Ay = (yR ~Yo )/m and j=0,1,...,m.
Also, the t-interval [0,T ] is divided into M subintervals to get the grid points ts = sAt, s=0,.., M, where
At=T/M

Now, we evaluate eq. (1) at (xi, yj,ts) and use the explicit Euler method to get

Ui, ¥ te) —u(xi, 5 t) —a(x y-)[(l—d)

0“u(x;, ¥ ts) a“u(xi,yj,ts)}
+d +

At o x* 2, %"
o’u(x,,y.,t))  ofu(x,y,t.)
b X, V. 1-e Im7)res +e i j'’s n
(X; yj)[( ) oy oy
q(X;, ¥;.t,)

(3)
Use fractional derivative of the shifted Grunwald estimate eq.(2), to reduce eq.(3) to the following form:
us+1 115

S u.”. 1 n—i+l 1 i+1
M a(x,y)l @-d us, .. +d U r [+
At ( i yj)|:( )AXa ;ga,k i+k-1, j AXa gga,k |k+1,1}

1 Mo 1 4
b(x;,y;) A—e)—5 Uy +E8—— ThS +
( i yj)|:( )Ayﬂ kZ(;gﬁ,k i,j+k-1 Ayﬁ Z(;gﬁ,k I,J—k+1:|

q(xi’yj’ts)
ust —us. a . n-id a. . L
T ) u’, . +d—= U, +
At ( )AX“ ;ga,k i+k—1,j Axakz_(;ga,k i—k+1, j
bij m—j+1 ] bij j+1 S
(1_9)A—)}ﬁ kz_(;gﬁ,kui,j+k—1 +€ A)’/ﬁ kz_;,gﬁ,kui,j—kﬂ +
ap;

i:l,...,n—l'1:1,...,m—1,s:0,...,M (4)

us

Where ij :u(xi!yjlts) ai,j :a(xi7yj) bi,j,f :b(xi’yj’zf) Ci,j :C(Xi7yj)

g dla-D(a—k+1)
0, =q0,y,t;) Gax =D .

, k=0,1,2,... and
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gy BB Bk

gp,k -\~
k! ,k=0,1,2,...
s+l
The resulting equation can be explicitly solved for " to give
1 n—i+1 i+1
S+
_(1 d)a akul k+1j |JA azgakul k+1j

At —j+1 At j+1

Q—-e)b,;, —5 Ay Zgﬁ WUp s + €D yﬁ kz_(;gﬁ.kuis,j—k+1 +

uy; +Atg;; (5)

Also from the initial condition and boundary conditions one can get
0
u.. =@ .
! ¢I’J ’ i=OI"'l n and j=0,..., m
S —_—
Ug; =0

uis,o =0

,j=0,..., m and s=1,...,.M

,i=0,..., nand s=1,...,M
s _ .S

Hr =V o

=0,..., mand s=1,...,.M

R =Y ,i=0,..., nand s=1,...,M
Wh(—:‘l’eqoi‘j :w(xi’yj), l//JS :l//(yj’ts)and WI W(XH s)

3. Stability of explicit difference method two-dimensional two-sided fractional diffusion equation

We define the following fractional partial difference operator:

At n—i+1 i+1
S
a)a,xui, = (1 d)alj AX a Zga ku|+k -1, j +dalj AX azga kul k+1, j
k=0
which is of O(AX) approximation to the & th fractional derivative. Similarly, the following
fractional partial difference operator is defined.
At m—j+1 j+1

a)ﬁy (l e)b Ay Z g,é’kul j+k 1+eb ﬂzgﬂk i, j—k+1

is of O(Ay) approximation of the 'B -order Grunwald shifted fractional derivative term.
With these definitions, the explicit difference scheme (5) may be written in the following compact form:

S+.1 =(+Atw, , +Atw, Ju’; +0; At -

The above three-dimensional two-sided of explicit method has local truncation error of the form

O(At) + O(AX) + O(Ay)

eq.(6) may be written in form

=1+ Mao,, )1+ Atw, s +Atg;
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which introduces an additional perturbation error equal to

2
(M) @,0,,U5
Then
s+l s s
Ut =ETU® +R )
where
E=01+Atw,,)
T=01+Atw, ),
and
S S S S S S S S S
= [u1,1' u2,11 RS un—l,l' u1,2 ) u2,2 1oy un—1,2 1oy l'11,m—11 u2,m—1' RS un—l,m—l]

S
and the vector R is the forcing term .

s/2
To solve the problem for each fixed yj to obtain an intermediate solution '} from
+1 s/2
= (1+Ato, Ju’; +Atg;
Then solve for each fixed xi

f/ff L+ Atw, Juy,

)

(10)

Now, we must prove that each one-dimensional explicit system defined by the linear difference egs. (9) and

(10) is conditionally stable forall 1<&, 'B <2.

Theorem: The explicit system defined by the linear difference egs.(9) and (10) with 1<, P <2is
conditionally stable if
At 1
<
Ax* " al(l-a)d,,, +ad,, ]
and
At 1
<
Ay” ~ pla-D)e,, +be,, ]
Proof:

At each grid point yk, for k=1..,m-1 , the system of equations defined by eq.(10) can be written in the
Ugt =C UM%+ AtQy

explicit matrix form —— — where

s+l _ S+l | ,s+1 s+l T
U™ =[ugc Uy U

s/2 s/2 ,,s/2 s/2 T
U/ _[ul/k’ Z/k""'un/—l,k !

At% = [quAt' qZ,kAt' ce qr?—l,kAt]T

C- H i = —_ i e j—
Therefore the resulting matrix entries '/ forI L..n-1 andJ L..n-1 are defined by
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148191+ M4 901 for =i
Gk 900+ k90,2 for j=i-1
Cii =19 GikYa2 t k900 for j=i+1

MixYa. s for j<i+1
GikDaricjit for j>i+1
To illustrate this matrix pattern, we list the corresponding equations for the rows i =1, 2 and n-1:
s+1 s/2 s/2 S, 2
U =(&ix Y00 + k902 Uok { + @+ 8900 F k90 1)Urk \ +(S1k Y02 + 1k 900)Usk /

é:lkga3u3k+ +§1kgaku +Atql,k

fori=2 we have
s+l
Uzkgasuw + (&0 900 172090 2 U

u2k s/2
2
Uzkgao)us/

+(+ &0 901 + 04 ga,1)ujf + (&0 9,2 +

s/2 S
ot & ga,kuK/—l,k + Al

and fori=n-1we get

s+1 s/2
n -1,k 77n 1kga nu

Un—lkgal)u ik (G 9a2 100k 900)Unk

Where the coefficients

+-+ (&, 1k 90 Tk 9., 2)ur§/22k +(1+§nflkgal+

2 2
S/ +- +§—1kgak n+2u5/ +Atqn -1,k

At At
] zl—ad..— ; :ad—
é:l,k ( ) ij AXa ond 77.,k 0] AXa ’

According to the Greshgorin theorem [9], the eigenvalues of the matrix g lie in the union of the circles

n
=> G,
1=0

C . C
centered at "' with radius 1=

Gi= 1+§kgal+nlkgal 1_(§i,k+77i,k)a and

Here we have

n n—i+1 i+1

ri:ZCi,I: mZg .+|1+77|kzga||+1 S+
=0
1=#i I¢| |¢|

C;+r<=<
' . We also have

—r=1- (rfk—H]Ik)a Gk Th)a=1=2(&  +m )

At At At
1-21(1-a)d.,, —+ a.— >1-2(1-a)d ad
: [( ) )}a {( M L mAXa)}a

and therefore

Therefore, for the spectral radius of the matrix C to be at most one, it suffices to have

1- 2[(1 ad A yag A }(p 1—{(1 ayd A ad ﬂ}asl
AX* AX* AX® “

At 1
<
AX* " a|d-a)d,, +ad,, ]

At
1-a)d d —x<1
(€0 20 0] <15
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Same method above, resulting the system of equations defined by (10) is then defined by

where
S _ S S S T
U =[U Uy U sl
S/2 _ y,S/2 ;,9/2 s/2 T
Uk = [uk,l U2 Ugmal s
Sk . . - . . . . .
— is the matrix of coefficients, and is the sum of a lower triangular matrix and a super diagonal matrix at the

rk=1,...,n—l' i:1,2,...,m—1ancl

S
grid point xk fo Therefore the resulting matrix entries — for

J=1...m-1 are defined by

14+ 6951+ ¥i951  for j=i
Ski9s0 T ¥i9s.2 for j=i-1

Sii=1 SkiYs2 T¥i9s0 for j=i+1
Vi9p for j<i+1
Ski9pi-js1 for j>i+1
Where the coefficients
At At
ik =(1—Db)e; ; AV Wi =De; AP
y and y
So, and in the same way, According to the Greshgorin theorem [9], to get
At < 1

Ayﬁ - ﬂ[(l_b)emax +bemax]

4. Consistency and convergent of explicit difference method two-dimensional two-sided fractional
diffusion equation

To obtain the consistency of the two-dimensional two-sided fractional Diffusion equation, note that the time

O(AY),

difference operator in (6) has a local truncation error of order and the three space difference operators in

(6) have local truncation errors of orders O(AX)
al., (2006), we can obtain the following result:

o* oFf
P —ayﬂ f (X, y) = w5 @l f(X,y)+O(AX+ Ay)
Which leads to the two-dimensional two-sided fractional Diffusion equation with order
O(At) + O(AX) + O(Ay) + O(Az)
We show above that explicit Euler method is consistent and conditionally stable, then by Laxs equivalence

O(AX+ Ay + Az + At)

and O(Ay) . Similar to Lemma 2.1 in paper of Meerschaert et

theorem,[12], it converges at the rate
5. Numerical simulation and comparison
In this section, we implement the proposed method to solve two-dimensional two-sided fractional diffusion

equation (1). Also, a comparison with numerical solution and exact solution, which is based on the explicit finite
difference approximation of fractional derivative, is given.
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Example: Consider the two-dimensional two-sided the fractional diffusion equation:

04 1.6 1.6 1.8 1.8
au(x,y,t) _TA4)1A-x) 0 U(X{Z't) 0 u(xl,gl,t) +T(02)(1—y)" 0_78 u(xig/‘t)+0.38 u(xig/,t)
ot 2 o.x" o_x" o.y oy

—0.4x%(1L—x)*ye™ —0.6ye™ —0.7x°y ¥ (1—y)*®e™® —0.3x%e™® —3x’ye ™

04 +0.6

subject to the initial condition
u(xy,0)=x2y,0<x<1,0<y<1
and the boundary conditions
u(0,y,t)=0,0<y<1,0<t<0.025
u(x0,t)=0,0<x<1,0<t<0.025
u(l,yt)=e3ty,0<y<1,0<t<0.025
u(x,1,t)=e-3tx2,0<x<1,0<t<0.025
This fractional partial differential equation together with the above initial and boundary condition is
constructed such that the exact solution is u(x,y,t) = e-3tx2y.
Table 1 and 2 show the numerical solution using the explicit finite difference approximation. From table 1
and 2, it can be seen that that good agreement between the numerical solution and exact solution.
Tables 3 show Maximum error between the exact analytical solution and the numerical solution obtained
by applying the explicit Euler method discussed in this paper.

Table 1

The numerical solution of example by using the finite difference method.
(Ax =0.2,Ay = 0.2, At = 0.0125)

X=y t Numerical Solution Exact Solution |uex -uapprox. |
0.2 0.0125 4.509E-3 7.70556 E -3 3.19656 E -3
0.4 0.0125 0.055 6.16444 E -2 6.64444 E -3
0.6 0.0125 0.198 0.20805 1.00500 E -2
0.8 0.0125 0.481 0.49316 1.21555E -2
0.2 0.0250 0.012 7.42195E -3 457805 E -2
0.4 0.0250 0.105 5.93756 E -2 456244 E -2
0.6 0.0250 0.141 0.20039 5.93926 E -2
0.8 0.0250 0.475 0.47500 4.66500 E -6
Table 2

The numerical solution of example by using the finite difference method.
(Ax =0.25,Ay = 0.25,At = 0.0125)

X=y t Numerical Solution Exact Solution |uex -uapprox. |
0.25 0.0125 0.011 1.50499 E -2 4.04991E -3
0.50 0.0125 0.112 0.12040 8.39930E -3
0.75 0.0125 0.394 0.40635 1.23476 E-2
0.25 0.0250 0.020 1.44960 E -2 5.50400 E -3
0.50 0.0250 0.166 0.11597 5.00321E -2
0.75 0.0250 0.388 0.39139 3.39178 E -3
Table 3

Maximum error for the numerical solution of example by using the finite difference method.

AX _ Ay At Maximum Error
0.20 0.0125 0.0121555
0.25 0.0125 0.0123476
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6. Discussion

In this paper, a numerical method for solving two-dimensional two-sided fractional diffusion equation has
been described and demonstrated. The explicit Euler method is proved to be conditionally stable and converges.
Furthermore numerical example is presented to show that good agreement between the numerical solution and
exact solution has been noted
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